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Abstract
We have defined the weight of the pair (〈S | R〉, R) for a given presentation 〈S | R〉 of
a group, where the number of generators is equal to the number of relations. We present
an algorithm to construct crystallizations of 3-manifolds whose fundamental group has
a presentation with two generators and two relations. If the weight of (〈S | R〉, R) is n
then our algorithm constructs all the n-vertex crystallizations which yield (〈S | R〉, R).
As an application, we have constructed some new crystallizations of 3-manifolds.
We have generalized our algorithm for presentations with three generators and a
certain class of relations. Form ≥ 3 andm ≥ n ≥ k ≥ 2, our generalized algorithm gives
a 2(2m+2n+2k− 6+ δ2n+ δ
2
k
)-vertex crystallization of the closed connected orientable
3-manifoldM〈m,n, k〉 having fundamental group 〈x1, x2, x3 | x
m
1
= xn
2
= xk
3
= x1x2x3〉.
These crystallizations are minimal and unique with respect to the given presentations.
If ‘n = 2’ or ‘k ≥ 3 and m ≥ 4’ then our crystallization of M〈m,n, k〉 is vertex-minimal
for all the known cases.
MSC 2010 : Primary 57Q15. Secondary 05C15, 57N10, 57Q05.
Keywords: Pseudotriangulations of manifolds, Crystallizations of manifolds, Spherical and hyper-
bolic 3-manifolds, Presentations of groups.
1 Introduction
For d ≥ 1, a (d + 1)-colored graph (Γ, γ) represents a pure d-dimensional simplicial cell
complex K(Γ) which has Γ as dual graph. For a certain class of such graphs, the underlying
space |K(Γ)| is a closed connected d-manifold. In such case, the (d + 1)-colored graph
(Γ, γ) is called a crystallization of the d-manifold |K(Γ)|. In [17], Pezzana showed existence
of crystallizations for each closed connected PL manifold. In [13], Gagliardi introduced
an algorithm to find a presentation of the fundamental group of a closed connected d-
manifold M from a crystallization of M . The components of the graph restricted over
two colors give the relations, and the components of the graph restricted over remaining
colors give the generators of the presentation. In [10], Epstein proved that the fundamental
group of a 3-manifold has a presentation which has the number of relations is less than
or equal to the number of generators. For a pair (〈S | R〉, R) with #S = #R, we have
defined its weight λ(〈S | R〉, R) in Definition 2.2. If (Γ, γ) is a crystallization of a closed
connected orientable 3-manifold and yields a presentation (〈S | R〉, R) then, from Lemma
2.7, #V (Γ) ≥ λ(〈S | R〉, R). Given a presentation 〈S | R〉 with two generators and two
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relations, our aim is to construct all crystallizations which yield (〈S | R〉, R) and have
λ(〈S | R〉, R) vertices.
For such a presentation 〈S | R〉 of a group, we have presented an algorithm (Algorithm
1 in Subsection 3.2) which gives all crystallizations such that the crystallizations yield the
pair (〈S | R〉, R) and are minimal (cf. Definition 2.8) with respect to the pair (〈S | R〉, R).
In particular, the algorithm determines whether such a crystallization exists or not.
LetM 6∼= L(p, q) be a closed connected orientable prime 3-manifold and the fundamental
group of M has a presentation 〈S | R〉 with two generators and two relations. Using
Algorithm 1, we have constructed all possible crystallizations of M which yield (〈S | R〉, R)
and are minimal with respect to the pair (〈S | R〉, R) (cf. Theorem 3.1). If M ∼= L(p, q)
then the algorithm gives all such crystallizations of L(p, q′) for some q′ ∈ {1, . . . , p− 1}.
As an application of Algorithm 1, we have constructed such crystallizations of some
closed connected orientable 3-manifolds, namely, M〈m,n, 2〉 for all m,n ≥ 2, lens spaces
and a hyperbolic 3-manifold. (Here M〈m,n, k〉 is as in Subsection 2.4.)
We have also generalized this algorithm for presentations with three generators and a
certain class of relations (Algorithm 2 in Subsection 5.1). As an application of this, we have
constructed a 4(m + 2)-vertex crystallization of the generalized quaternion space S3/Q4m
and a 4(m+ n+ k − 3)-vertex crystallization of the 3-manifold M〈m,n, k〉 for m,n, k ≥ 3.
(Here S3/Q4m is as in Subsection 2.4.) For (m,n, k) 6= (3, 3, 3), these crystallizations are
vertex-minimal, when the number of vertices are at most 30. In fact, there are no known
crystallizations of these manifolds which have less number of vertices than our constructed
ones (cf. Remark 5.5). We have also constructed a (4m+ 4n − 2)-vertex crystallization of
the 3-manifold M〈m,n, 2〉 for m,n ≥ 3. The crystallizations of the 3-manifolds S3/Q4m,
M〈m,n, 2〉 andM〈m,n, k〉 for m,n, k ≥ 3 are minimal and unique with respect to the given
presentations (cf. Theorems 5.1, 5.3 and 5.4).
2 Preliminaries
2.1 Colored graphs
A multigraph Γ = (V (Γ), E(Γ)) is a finite connected graph which can have multiple edges
but no loops, where V (Γ) and E(Γ) denote the sets of vertices and edges of Γ respectively.
For n ≥ 1, an n-path is a tree with (n+ 1) distinct vertices and n edges. If ai and ai+1 are
adjacent in an n-path for 1 ≤ i ≤ n then the n-path is denoted by Pn(a1, a2, . . . , an+1). For
n ≥ 2, an n-cycle is a closed path with n distinct vertices and n edges. If vertices ai and ai+1
are adjacent in an n-cycle for 1 ≤ i ≤ n (addition is modulo n) then the n-cycle is denoted
by Cn(a1, a2, . . . , an). By kCn we mean a graph consists of k disjoint n-cycles. The disjoint
union of the graphs G and H is denoted by G ⊔H. A graph Γ is called (d + 1)-regular if
the number of edges adjacent to each vertex is (d+ 1).
First we call ∆d = {0, 1, . . . , d} the color set. An edge coloring with (d + 1) colors on
the graph Γ = (V (Γ), E(Γ)) is a map γ : E(Γ)→ ∆d such that γ(e) 6= γ(f) whenever e and
f are adjacent (i.e., e and f are adjacent to a common vertex). An (d+1)-colored graph is
a pair (Γ, γ) where Γ is a multigraph and γ is a edge coloring on the graph Γ with (d+ 1)
colors. Two vertices are called i-adjacent to each other if they are joined by an edge of color
i.
Let (Γ, γ) be a (d + 1)-colored connected graph with color set ∆d. If B ⊆ ∆d with k
elements then the graph (V (Γ), γ−1(B)) is a k-colored graph with coloring γ|γ−1(B). This
2
colored graph is denoted by ΓB. If Γ∆d\{c} is connected for all c ∈ ∆d then (Γ, γ) is called
contracted. For standard terminology on graphs see [5].
2.2 Spherical and hyperbolic 3-manifolds
A 3-manifold M is called a spherical 3-manifold if M ∼= S3/Γ where Γ is a finite subgroup
of SO(4) acting freely by rotations on the 3-sphere S3. Therefore, spherical 3-manifolds
are prime, orientable and closed. Spherical 3-manifolds are sometimes called elliptic 3-
manifolds or Clifford-Klein 3-manifolds. In [18, Chapter 3], Thurston conjectured that
a closed 3-manifold with finite fundamental group is spherical, which is also known as
elliptization conjecture. In [16], Perelman proved the elliptization conjecture.
Consider the 3-sphere S3 = {(z1, z2) ∈ C
2 : |z1|
2 + |z2|
2 = 1}. Let p and q be
relatively prime integers. Then the action of Zp = Z/pZ on S
3 generated by [1].(z1, z2) :=
(e2pii/p · z1, e
2piiq/p · z2) is free and hence properly discontinuous. Therefore the quotient
space L(p, q) := S 3/Zp is a 3-manifold whose fundamental group is isomorphic to Zp. The
3-manifolds L(p, q) are called the lens spaces. It is a classical theorem of Reidemeister that
L(p, q ′) is homeomorphic to L(p, q) if and only if q ′ ≡ ±q±1 (mod p).
A 3-manifold is called a hyperbolic 3-manifold if it is equipped with a complete Rie-
mannian metric of constant sectional curvature −1. In other words, it is the quotient of
three-dimensional hyperbolic space by a subgroup of hyperbolic isometries acting freely and
properly discontinuously. From [1, Theorem 2.2], we know the following.
Proposition 2.1. Let M and N be two orientable, closed, prime 3-manifolds and let ϕ :
pi1(M, ∗)→ pi1(N, ∗) be an isomorphism.
(i) If M and N are not lens spaces then M and N are homeomorphic.
(ii) If M and N are not spherical then there exists a homeomorphism which induces ϕ.
2.3 Weights of presentations of groups
Given a set S, let F (S) denote the free group generated by S. So, any element w of F (S)
is of the form w = xε11 · · · x
εm
m , where x1, . . . , xm ∈ S and εi = ±1 for 1 ≤ i ≤ m and
(xj+1, εj+1) 6= (xj ,−εj) for 1 ≤ j ≤ m− 1. For R ⊆ F (S), let N(R) be the smallest normal
subgroup of F (S) containing R. Then, the quotient group F (S)/N(R) is denoted by 〈S |R〉.
For a presentation P = 〈S |T 〉 with N(T ) = N(R), the pair (P,R) denotes the presentation
P with the relation set R. So, if T 6= R and N(T ) = N(R) then 〈S |T 〉 = 〈S |R〉 but as
a pair (〈S |T 〉, T ) 6= (〈S |R〉, R). Two elements w1, w2 ∈ F (S) are said to be independent
(resp., dependent) if N({w1}) 6= N({w2}) (resp., N({w1}) = N({w2})).
For a finite subset R of F (S), let
R := {w ∈ N(R) : N((R \ {r}) ∪ {w}) = N(R) for each r ∈ R}. (2.1)
Observe that ∅ = ∅ and if R 6= ∅ is a finite set then w :=
∏
r∈R r ∈ R and hence R 6= ∅.
For w = xε11 · · · x
εm
m ∈ F (S), m ≥ 1, let
ε(w) :=
{
0 if m = 1,
|ε1 − ε2|+ · · ·+ |εm−1 − εm|+ |εm − ε1| if m ≥ 2.
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Consider the map λ : F (S)→ Z+ define inductively as follows.
λ(w) :=


2 if w = ∅,
2m− ε(w) if w = xε11 · · · x
εm
m , (xm, εm) 6= (x1,−ε1),
λ(w′) if w = xε11 w
′x−ε11 .
(2.2)
Since |εi−εj | = 0 or 2, ε(w) is an even integer and hence λ(w) is also even. For w ∈ F (S),
λ(w) is said to be the weight of w. Observe that λ(w1w2) = λ(w2w1) for w1, w2 ∈ F (S). In
[10], Epstein proved that the fundamental group of a 3-manifold has a presentation where
the number of relations is less than or equal to the number of generators. Here, we are
interested in those presentations 〈S | R〉 for which #S = #R <∞.
Definition 2.2. Let S = {x1, . . . , xs} and R = {r1, . . . , rs} ⊆ F (S). Let rs+1 be an element
in R of minimum weight. Then, the number
λ(〈S | R〉, R) := λ(r1) + · · · + λ(rs) + λ(rs+1).
is called the weight of the pair (〈S | R〉, R).
Let w = αε11 α
ε2
2 · · ·α
εm
m ∈ F (S := {x1, . . . , xs}) where εi ∈ {+1,−1} for 1 ≤ i ≤ m.
Then, we define
(i) w
(2)
ij := total number of appearances of x
−1
i xj and x
−1
j xi in α
εm
m α
ε1
1 α
ε2
2 · · ·α
εm
m , for
xi, xj ∈ S and 1 ≤ i < j ≤ s,
(ii) w
(3)
ij := total number of appearances of xix
−1
j and xjx
−1
i in α
εm
m α
ε1
1 α
ε2
2 · · ·α
εm
m , for
xi, xj ∈ S and 1 ≤ i < j ≤ s,
(iii) w
(2)
i (s+1) := total number of appearances of x
−1
i x
−1
j and xjxi in α
εm
m α
ε1
1 α
ε2
2 · · ·α
εm
m , for
xi, xj ∈ S and 1 ≤ i 6= j ≤ s,
(iv) w
(3)
i (s+1) := total number of appearances of x
−1
j x
−1
i and xixj in α
εm
m α
ε1
1 α
ε2
2 · · ·α
εm
m , for
xi, xj ∈ S and 1 ≤ i 6= j ≤ s.
Observe that λ(w) =
∑
w
(c)
ij is the sum over 1 ≤ i < j ≤ s+ 1 and 2 ≤ c ≤ 3.
2.4 Binary polyhedral groups and generalized quaternion spaces
A group is called a binary polyhedral group if it has a presentation of the form 〈x1, x2, x3 |
xm1 = x
n
2 = x
k
3 = x1x2x3〉 for some integer m,n, k ≥ 2. This group is denoted by 〈m,n, k〉.
This group is known to be fundamental group of the 3-manifold L/(m,n, k), where L is
the connected Lie group of orientation preserving isometries of a plane P (cf. [14, 15]) and
(m,n, k) = 〈x1, x2, x3 | x
m
1 = x
n
2 = x
k
3 = 1〉. Since 〈m,n, k〉 is not a free product and not
isomorphic to Zp, any 3-manifold which has fundamental group 〈m,n, k〉, is prime and not
homeomorphic to lens space. Therefore, by Proposition 2.1, any two closed connected ori-
entable manifolds with same fundamental group 〈m,n, k〉, are homeomorphic. In this article,
we will denote such a 3-manifold by M〈m,n, k〉. Observe that M〈m˜, n˜, k˜〉 ∼= M〈m,n, k〉
for every permutation m˜n˜k˜ of mnk. Thus, we can assume that m ≥ n ≥ k. Clearly, the
group 〈x1, x2 | x
m
1 x
−n
2 , x
nk−n−k
2 x
−k
1 , x1x2x
−1
1 x
−1
2 〉 is isomorphic to the abelianized group of
〈m,n, k〉. Therefore, (m,n, k) = (5, 3, 2) or (7, 3, 2) implies that abelianization of 〈m,n, k〉
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is trivial. Thus, M〈5, 3, 2〉 and M〈7, 3, 2〉 are homology spheres, in fact, M〈5, 3, 2〉 is the
Poincare´ homology sphere. Since 〈m, 2, 2〉 (∼= Q4m), P24 := 〈3, 3, 2〉, P48 := 〈4, 3, 2〉 and
P120 := 〈5, 3, 2〉 are finite groups, by the proof of elliptization conjecture of Perelman,
M〈m,n, k〉 is spherical, i.e., M〈m,n, k〉 ∼= S3/〈m,n, k〉 for these groups 〈m,n, k〉. It is not
difficult to prove that, the abelianization of 〈m,n, k〉 ∼= Z⊕H for some group H if and only
if (m,n, k) = (6, 3, 2), (4, 4, 2) or (3, 3, 3). Therefore, in these three cases, the 3-manifold
M〈m,n, k〉 has a handle and in all the other cases, M〈m,n, k〉 is handle-free.
A group is called a generalized quaternion group or dicyclic group if it has a presentation
of the form 〈x1, x2 | x
2m
1 = x
4
2 = 1, x
m
1 = x
2
2, x
−1
2 x1x2 = x
−1
1 〉 for some integer m ≥ 2. This
group has order 4m and is denoted by Q4m.
Claim: For m ≥ 2, Q4m has a presentation 〈S | R〉, where S = {x1, x2, x3} and R =
{xm−11 x
−1
3 x
−1
2 , x2x
−1
1 x
−1
3 , x3x
−1
2 x
−1
1 }.
Observe that x2x
−1
1 x
−1
3 = 1 = x3x
−1
2 x
−1
1 implies x2x
−1
1 = x3 = x1x2, i.e., x
−1
1 =
x−12 x1x2. Again, x
m−1
1 x
−1
3 x
−1
2 = 1 and x2x
−1
1 x
−1
3 = 1 implies that x
m
1 = x
2
2. Now, x2 =
x1x2x1 = x1(x1x2x1)x1 = x
2
1x2x
2
1 = · · · = x
m
1 x2x
m
1 = x
2
2x2x
2
2 = x
5
2 implies x
4
2 = 1. Since
xm1 = x
2
2, x
2m
1 = x
4
2 = 1. Thus, 〈S | R〉
∼= 〈x1, x2 | x
2m
1 = x
4
2 = 1, x
m
1 = x
2
2, x
−1
2 x1x2 = x
−1
1 〉.
This proves the claim.
The 3-manifold M〈m, 2, 2〉 is called generalized quaternion space. Then, by the proof of
elliptization conjecture of Perelman, M〈m, 2, 2〉 is spherical and homeomorphic to S3/Q4m.
2.5 Crystallizations
A CW-complex X is said to be regular if the attaching maps which define the incidence
structure of X are homeomorphisms. Given a regular CW-complex X, let X be the set of
all closed cells of X together with the empty set. Then, X is a poset, where the partial
ordering is the set inclusion. This poset X is said to be the face poset of X. Clearly, if X
and Y are two finite regular CW-complexes with isomorphic face posets then X and Y are
homeomorphic. A regular CW-complex X is said to be simplicial if the boundary of each
cell in X is isomorphic (as a poset) to the boundary of a simplex of same dimension. A
simplicial cell complex K of dimension d is a poset, isomorphic to the face poset X of a
d-dimensional simplicial CW-complex X. The topological space X is called the geometric
carrier of K and is also denoted by |K|. If a topological space M is homeomorphic to |K|,
then K is said to be a pseudotriangulation of M .
Let K be a simplicial cell complex with partial ordering ≤. If β ≤ α ∈ K then we say β
is a face of α. If all the maximal cells of a d-dimensional simplicial cell complex K are d-cells
then it is called pure. Maximal cells in a pure simplicial cell complex K are called the facets
of K. The 0-cells in a simplicial cell complex K are said to be the vertices of K. If u is a
face of α and u is a vertex then we say u is a vertex of α. Clearly, a d-dimensional simplicial
cell complex K has at least d+1 vertices. If a d-dimensional simplicial cell complex K has
exactly d+ 1 vertices then K is called contracted.
Let K be a pure d-dimensional simplicial cell complex. Consider the graph Λ(K) whose
vertices are the facets of K and whose edges are the ordered pairs ({σ1, σ2}, γ), where σ1, σ2
are facets, γ is a (d− 1)-cell and is a common face of σ1, σ2. The graph Λ(K) is said to be
the dual graph of K. Observe that Λ(K) is in general a multigraph without loops. On the
other hand, for d ≥ 1, if (Γ, γ) is a (d+1)-colored graph with color set ∆d = {0, . . . , d} then
we define a d-dimensional simplicial cell complex K(Γ) as follows. For each v ∈ V (Γ), we
take a d-simplex σv and label its vertices by 0, . . . , d. If u, v ∈ V (Γ) are joined by an edge e
and γ(e) = i, then we identify the (d−1)-faces of σu and σv opposite to the vertices labeled
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by i, so that equally labeled vertices are identified together. Since there is no identification
within a d-simplex, this gives a simplicial CW-complexW of dimension d. So, the face poset
(denoted by K(Γ)) of W is a pure d-dimensional simplicial cell complex. We say that (Γ, γ)
represents the simplicial cell complex K(Γ). Clearly, the number of i-labeled vertices of
K(Γ) is equal to the number of components of Γ∆d\{i} for each i ∈ ∆d. Thus, the simplicial
cell complex K(Γ) is contracted if and only if Γ is contracted (cf. [11]).
A crystallization of a connected closed d-manifoldM is a (d+1)-colored contracted graph
(Γ, γ) such that the simplicial cell complex K(Γ) is a pseudotriangulation of M . Thus, if
(Γ, γ) is a crystallization of a d-manifold M then the number of vertices in K(Γ) is d+1. On
the other hand, if K is a contracted pseudotriangulation of M then the dual graph Λ(K)
gives a crystallization of M . Clearly, if (Γ, γ) is a crystallization of a closed d-manifold M
then, either Γ has two vertices (in which case M is Sd) or the number of edges between two
vertices is at most d− 1. In [17], Pezzana showed the following.
Proposition 2.3 (Pezzana). Every connected closed PL manifold admits a crystallization.
Thus, every connected closed PL d-manifold has a contracted pseudotriangulation, i.e.,
a pseudotriangulation with d+ 1 vertices. From [9], we know the following.
Proposition 2.4 (Cavicchioli-Grasselli-Pezzana). Let (Γ, γ) be a crystallization of a PL
manifold M . Then M is orientable if and only if Γ is bipartite.
Let ∆d = {0, . . . , d} be the color set of a (d+1)-colored graph (Γ, γ). For 0 ≤ i 6= j ≤ d,
gij denote the number of connected components of the graph Γ{i,j}. In [12], Gagliardi
proved the following.
Proposition 2.5 (Gagliardi). Let (Γ, γ) be a contracted 4-colored graph with the color set
∆3. Then, (Γ, γ) is a crystallization of a connected closed 3-manifold if and only if
(i) gij = gkl for {i, j, k, l} = ∆3, and
(ii) g01 + g02 + g03 = 2 +
#V (Γ)
2 .
Let (Γ, γ) be a crystallization (with color set ∆d) of a connected closed d-manifoldM . So,
Γ is a (d + 1)-regular graph. Choose two colors, say, i and j from ∆d. Let {G1, . . . , Gs+1}
be the set of all connected components of Γ∆d\{i,j} and {H1, . . . ,Ht+1} be the set of all
connected components of Γ{i,j}. Since Γ is regular, each Hp is an even cycle. Note that, if
d = 2 then Γ{i,j} is connected and hence H1 = Γ{i,j}. Consider a set S˜ = {x1, . . . , xs, xs+1}
of s + 1 elements. For 1 ≤ k ≤ t + 1, consider the word r˜k in F (S˜) as follows. Choose
a starting vertex v1 in Hk. Let Hk = v1e
i
1v2e
j
2v3e
i
3v4 · · · e
i
2l−1v2le
j
2lv1, where e
i
p and e
j
q are
edges with colors i and j respectively. Define
r˜k := x
+1
k2
x−1k3 x
+1
k4
· · · x+1k2lx
−1
k1
, (2.3)
where Gkh is the component of Γ∆d\{i,j} containing vh. For 1 ≤ k ≤ t+1, let rk be the word
obtained from r˜k by deleting x
±1
s+1’s in r˜k. So, rk is a word in F (S), where S = S˜ \ {xs+1}.
In [13], Gagliardi proved the following.
Proposition 2.6 (Gagliardi). For d ≥ 2, let (Γ, γ) be a crystallization of a connected
closed PL manifold M . For two colors i, j, let s, t, xp, rq be as above. If pi1(M,x) is the
fundamental group of M at a point x, then
pi1(M,x) ∼=
{
〈x1, x2, . . . , xs | r1〉 if d = 2,
〈x1, x2, . . . , xs | r1, . . . , rt〉 if d ≥ 3.
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In this case, we will say (Γ, γ) yields (〈S | R〉, R), where S = {x1, . . . , xs} and R =
{r1, . . . , rt}. From Proposition 2.5, it is clear that, if (Γ, γ) is a crystallization of a 3-
manifold then s = t. Note that, there may have a relation r ∈ R such that r ∈ R \ {r} and
in that case 〈S | R〉 ∼= 〈S | R \ {r}〉.
Lemma 2.7. If (Γ, γ) is a crystallization of a 3-manifold such that (Γ, γ) yields (〈S | R〉, R)
then #V (Γ) ≥ λ(〈S | R〉, R).
Proof. Since the crystallization yields (〈S | R〉, R), from the above discussion, we know the
crystallization yields the relations in R ∪ {w} where w ∈ R. Thus, the lemma follows from
the construction of r˜ as in Eq. (2.3) and Definition 2.2.
Definition 2.8. A crystallization (Γ, γ) of a 3-manifold is called minimal with respect to
the pair (〈S | R〉, R) if #V (Γ) = λ(〈S | R〉, R).
3 Constructions of crystallizations and Algorithm 1
Here we are interested in orientable 3-manifolds. Thus, by Proposition 2.4, corresponding
crystallizations are bipartite. We use black dots ‘•’ for vertices in one part and white dots
‘◦’ for vertices in the other part of the crystallizations.
3.1 Constructions
Let 〈S | R〉 = 〈x1, x2 | r1, r2〉 be a presentation of a group. Now we construct all possible
crystallizations from the pair (〈S | R〉, R) by the following steps.
Step 1: If a crystallization yields (〈S | R〉, R) then the crystallization yields the relations
in R ∪ {w}, where w is an element R. Since we are interested in λ(〈S | R〉, R)-vertex
crystallizations, w ∈ R is of minimum weight. Let {wi ∈ R, 1 ≤ i ≤ k} be the set of all
independent words with minimum weight (as there are only finite number of independent
words in R with minimum weight). Let Ri = R ∪ {wi} for 1 ≤ i ≤ k. For each R ∈
{R1, . . . , Rk}, we will construct all possible crystallizations which yield the relations in R.
Choose a R ∈ {R1, . . . , Rk}.
Step 2: If possible, let (Γ, γ) be a crystallization of a 3-manifold which yields the relations
in R. Without loss of generality, let G1, G2, G3 be the components of Γ{0,1} such that
Gi represents the generator xi for 1 ≤ i ≤ 2 and G3 represents x3 (cf. Eq. (2.3) for
construction of r˜). Let ni be the total number of appearance of xi in the three relations in
R for 1 ≤ i ≤ 2 and n3 = λ(〈S | R〉, R) − (n1 + n2). Then, the total number of vertices
in Gi is ni and let Gi = Cni(x
(1)
i , . . . , x
(ni)
i ) for 1 ≤ i ≤ 3. Clearly, each ni is even and
n1+n2+n3 = #V (Γ). Without loss of generality, we can assume that x
(2j−1)
i x
(2j)
i ∈ γ
−1(1)
and x
(2j)
i x
(2j+1)
i ∈ γ
−1(0) with x
(ni+1)
i = x
(1)
i for 1 ≤ j ≤ ni/2 and 1 ≤ i ≤ 3. Here and
after, the additions and subtractions at the point ‘∗’ in x
(∗)
i are modulo ni for 1 ≤ i ≤ 3.
Step 3: From the fact #V (Γ) = λ(〈S | R〉, R), we know that #V (Γ) is always even and
there is no 2-cycle in Γ{i,j} for 0 ≤ i ≤ 1 and 2 ≤ j ≤ 3. If #V (Γ) is of the form 4n for
some n ∈ N, then g01+ g02+ g03 = 2n+2. This implies, g02+ g03 = 2n− 1. Without loss of
generality, consider g02 = g13 = n− 1 and g03 = g12 = n. Therefore, all the components of
Γ{0,3} (resp., Γ{1,2}) are 4-cycles. But, there are two choices for Γ{0,2} (resp., Γ{1,3}). Either
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Γ{0,2} has one 8-cycle and remaining 4-cycles or Γ{0,2} has two 6-cycles and remaining 4-
cycles. Similar arguments hold for Γ{1,3}. On the other hand, if #V (Γ) is of the form 4n+2
for some n ∈ N, then g01 + g02 + g03 = 2n + 3. This implies, g02 + g03 = 2n and hence
g02 = g13 = g03 = g12 = n. Therefore, Γ{i,j} has one 6-cycle and remaining all 4-cycles for
0 ≤ i ≤ 1 and 2 ≤ j ≤ 3.
Step 4: Since components of Γ{2,3} yield the relations in R, without loss of generality, let
the colors 2 and 3 be the colors ‘i’ and ‘j’ respectively as in the construction of r˜ for r ∈ R
(cf. Eq. (2.3)). Let m
(c)
ij :=
∑
w∈Rw
(c)
ij for 1 ≤ i < j ≤ 3 and 2 ≤ c ≤ 3, where w
(c)
ij
as in Subsection 2.3. Then, the number of edges of color c between Gi and Gj is m
(c)
ij for
2 ≤ c ≤ 3 and 1 ≤ i < j ≤ 3. Therefore, 2(m
(c)
12 +m
(c)
13 +m
(c)
23 ) = #V (Γ) for 2 ≤ c ≤ 3.
Thus, g01+ g02+ g03 = #V (Γ)/2+2 = m
(c)
12 +m
(c)
13 +m
(c)
23 +2. Since g01 = 3, g02 = g13 and
g03 = g12, we have g0c + g1c = m
(c)
12 +m
(c)
13 +m
(c)
23 − 1 for 2 ≤ c ≤ 3.
Step 5: Since Γ{0,1,c} is connected for 2 ≤ c ≤ 3, #{m
(c)
ij ≥ 1, 1 ≤ i < j ≤ 3} ≥ 2.
Case 1: Let #{m
(c)
ij ≥ 1, 1 ≤ i < j ≤ 3} = 3, i.e., m
(c)
ij ≥ 1, where 1 ≤ i < j ≤ 3
for some c ∈ {2, 3}. Then, the maximum number of bi-colored 4-cycles in Γ{0,1,c} with
two edges of color c is (m
(c)
12 − 1) + (m
(c)
13 − 1) + (m
(c)
23 − 1) = m
(c)
12 + m
(c)
13 + m
(c)
23 − 3.
Since g0c + g1c = m
(c)
12 + m
(c)
13 + m
(c)
23 − 1, from the arguments in Step 3, Γ{0,1,c} must
have m
(c)
12 +m
(c)
13 +m
(c)
23 − 3 bi-colored 4-cycles and two 6-cycles with some edges of color
c. Therefore, from the arguments in Step 3, if #V (Γ) = 4n for some n ∈ N then Γ{0,3}
(resp., Γ{1,2}) is a union of 4-cycles and Γ{c−2,c} is of the form 2C6 ⊔ (n − 3)C4. But, if
#V (Γ) = 4n+ 2 for some n ∈ N then Γ{i,c} is of the form C6 ⊔ (n − 1)C4 for 0 ≤ i ≤ 1.
Case 2: Let #{m
(c)
ij ≥ 1, 1 ≤ i < j ≤ 3} = 2 for some c ∈ {2, 3}. Then, assume {i, j, l} =
{1, 2, 3} such that m
(c)
jl = 0. Then, the maximum number of bi-colored 4-cycles in Γ{0,1,c}
with two edges of color c is (m
(c)
ij − 1)+ (m
(c)
il − 1) = m
(c)
ij +m
(c)
il − 2. Since #V (Γ) = λ(〈S |
R〉, R) and m
(c)
jl = 0, Γ{0,1,c} does not have a bi-colored 6-cycle with some edges of color
c. Therefore, g0c + g1c = m
(c)
ij +m
(c)
il − 1 and the arguments in Step 3 implies that Γ{0,1,c}
must have m
(c)
ij +m
(c)
il − 2 bi-colored 4-cycles and one 8-cycle with some edges of color c.
Thus, Γ{0,3} (resp., Γ{1,2}) is a union of 4-cycles and Γ{c−2,c} is of the form C8 ⊔ (n− 2)C4.
In this case, #V (Γ) = 4n for some n ∈ N. Therefore, it is clear that, m
(c)
ij edges of color c
between Gi and Gj yield m
(c)
ij − 1 bi-colored 4-cycles for 1 ≤ i < j ≤ 3 and 2 ≤ c ≤ 3.
Step 6: Now, we will construct Γ{0,1,2} and will show that Γ{0,1,2} is unique up to an
isomorphism. Choose {ni, nj, nl} = {n1, n2, n3} such that ni ≥ nj and ni ≥ nl. Clearly,
there are edges of color 2 between each of the pairs (Gi, Gj) and (Gi, Gl). Without loss of
generality, let x
(1)
i x
(1)
l , x
(ni)
i x
(1)
j ∈ γ
−1(2).
Case 1: Ifm
(2)
jl = 0 then the path P5(x
(nj )
j , x
(1)
j , x
(ni)
i , x
(1)
i , x
(1)
l , x
(nl)
l ) must be a part of the 8-
cycle of Γ{0,2}. Since the m
(2)
ij (resp., m
(2)
il ) edges of color c between the pair (Gi, Gj) (resp.,
(Gi, Gl)) yieldm
(2)
ij −1 (resp.,m
(2)
il −1) bi-colored 4-cycles, we have x
(1)
i x
(1)
l , . . . , x
(m
(2)
il
)
i x
(m
(2)
il
)
l
and x
(ni)
i x
(1)
j , . . . , x
(ni+1−m
(2)
ij )
i x
(m
(2)
ij )
j ∈ γ
−1(2). In this case, m
(2)
ij = nj, m
(2)
il = nl and
ni = nj + nl.
Case 2: If m
(2)
jl ≥ 1 then x
(nj)
j x
(nl)
l ∈ γ
−1(2) completes the 6-cycle in Γ{0,2}. Therefore,
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by similar reasons as above, {x
(1)
i x
(1)
l , . . . , x
(m
(2)
il
)
i x
(m
(2)
il
)
l }, {x
(ni)
i x
(1)
j , . . . , x
(ni+1−m
(2)
ij )
i x
(m
(2)
ij )
j }
and {x
(nj)
j x
(nl)
l , . . . , x
(nj+1−m
(2)
jl
)
j x
(nl+1−m
(2)
jl
)
l } are the sets of edges of color 2. In this case,
m
(2)
ij +m
(2)
il = ni, m
(2)
ij +m
(2)
jl = nj and m
(2)
il +m
(2)
jl = nl.
Thus, Γ{0,1,2} is unique up to an isomorphism. We use white dot ‘◦’ for vertex x
(1)
i
and black dot ‘•’ for vertex x
(ni)
i . Since Γ{0,1,2} is bipartite graph, x
(2pi−1)
i , x
(2pj−1)
j , x
(2pl)
l
are denoted by white dots ‘◦’ and x
(2pi)
i , x
(2pj)
j , x
(2pl−1)
l are denoted by black dots ‘•’ for
1 ≤ pi ≤ ni/2, 1 ≤ pj ≤ nj/2 and 1 ≤ pl ≤ nl/2.
Step 7: Now, we are ready to construct a crystallization (Γ, γ) which yields the relations
in R. For a given set of relations R, we constructed Γ{0,1,2} uniquely. By similar arguments
as above, we have m
(3)
ij ,m
(3)
il ≥ 1. Choose an edge x
(2qi−1)
i x
(2qi)
i ∈ γ
−1(1). Since 1 ≤ qi ≤
ni/2, there are ni/2 choices for such an edge. Now, choose two edges x
(2qj−1)
j x
(2qj)
j and
x
(2ql−1)
l x
(2ql)
l ∈ γ
−1(1) in Gj and Gl respectively. Then, either x
(2qi−1)
i x
(2qj)
j , x
(2qi)
i x
(2ql)
l ∈
γ−1(3) or x
(2qi−1)
i x
(2ql−1)
l , x
(2qi)
i x
(2qj−1)
j ∈ γ
−1(3). Thus, either P5(x
(2qj−1)
j , x
(2qj)
j , x
(2qi−1)
i ,
x
(2qi)
i , x
(2ql)
l , x
(2ql−1)
l ) or P5(x
(2qj)
j , x
(2qj−1)
j , x
(2qi)
i , x
(2qi−1)
i , x
(2ql−1)
l , x
(2ql)
l ) is a path in Γ{1,3}.
Therefore, by similar arguments as in Step 6, there is a unique way to choose the remaining
edges of color 3. Since 1 ≤ qi ≤ ni/2, 1 ≤ qj ≤ nj/2 and 1 ≤ ql ≤ nl/2, we have
2× ni2 ×
nj
2 × nl2 =
n1n2n3
4 choices for the 4-colored graph.
Step 8: For a set R of relations there are (n1n2n3)/4 choices for the 4-colored graph. If
there is a choice, for which (Γ, γ) yields the relations in R then (Γ, γ) is a regular bipartite
4-colored graph which satisfies all the properties of Proposition 2.5. Therefore, (Γ, γ) is
a crystallization of a closed connected orientable 3-manifold M whose fundamental group
is (〈S |R〉, R). Now, we choose a different R ∈ {R1, . . . , Rk} and repeat the process from
Step 2 to find all possible λ(〈S |R〉, R)-vertex crystallizations which yield (〈S |R〉, R). If
there is no such 4-colored graph for each R ∈ {R1, . . . , Rk} then there is no crystallization
of a closed, connected orientable 3-manifold, which yields (〈S |R〉, R) and is minimal with
respect to (〈S |R〉, R).
Theorem 3.1. Let M be a closed connected orientable prime 3-manifold with fundamental
group 〈S | R〉, where #S = #R = 2. Let (Γ, γ) be a crystallization constructed from the
pair (〈S | R〉, R) by using the above construction. Then, we have the following.
(i) If 〈S | R〉 6∼= Zp then |K(Γ)| ∼=M .
(ii) If 〈S | R〉 ∼= Zp then |K(Γ)| ∼= L(p, q
′) for some q′ ∈ {1, . . . , p − 1}.
(iii) (Γ, γ) is minimal with respect to the pair (〈S | R〉, R).
Proof. Since (Γ, γ) yields the presentation 〈S | R〉, by Proposition 2.6, pi1(|K(Γ)|, ∗) ∼=
〈S | R〉. Since Γ is regular and bipartite, |K(Γ)| is a closed connected orientable 3-manifold.
Since M is prime 3-manifold, the fundamental group of M is not a free product of two
groups. Since M and |K(Γ)| have same fundamental group, it follows that |K(Γ)| is also
prime 3-manifold. Part (i) now follows from Proposition 2.1.
If pi1(|K(Γ)|, ∗) ∼= pi1(M, ∗) ∼= Zp then, by the proof of elliptization conjecture, |K(Γ)|
is spherical and hence |K(Γ)| ∼= S3/Zp ∼= L(p, q
′) for some q′ ∈ {1, . . . , p − 1}. This proves
part (ii).
Part (iii) follows from the construction.
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3.2 Algorithm 1
Now, we present our algorithm which finds crystallizations of 3-manifolds for a presentation
(〈S | R〉, R) with two generators and two relations, such that the crystallizations yield the
pair and have the number of vertices is equal to the weight of the pair (〈S | R〉, R).
(i) Find the set {wi ∈ R, 1 ≤ i ≤ k} of independent words such that λ(wi) is minimum.
Let R = R ∪ {w1} and consider a class of graphs C which is empty.
(ii) For R, (a) find m
(c)
ij for 2 ≤ c ≤ 3 and 1 ≤ i < j ≤ 3, (b) find n1, n2, n3 and (c) choose
i, j, l such that ni ≥ nj and ni ≥ nl.
(iii) Consider three bi-colored cycles Gi = Cni(x
(1)
i , . . . , x
(ni)
i ) for 1 ≤ i ≤ 3 such that
x
(2j−1)
i x
(2j)
i has color 1 and x
(2j)
i x
(2j+1)
i has color 0 with the consideration x
(ni+1)
i =
x
(1)
i for 1 ≤ j ≤ ni/2 and 1 ≤ i ≤ 3.
(iv) The edges x
(1)
i x
(1)
l , . . . , x
(m
(2)
il
)
i x
(m
(2)
il
)
l and x
(ni)
i x
(1)
j , . . . , x
(ni+1−m
(2)
ij )
i x
(m
(2)
ij )
j have color 2.
If nj + nl 6= ni then the edges x
(nj)
j x
(nl)
l , . . . , x
(nj+1−m
(2)
jl
)
j x
(nl+1−m
(2)
jl
)
l have also color
2.
(v) For 1 ≤ qi ≤ ni/2, 1 ≤ qj ≤ nj/2 and 1 ≤ ql ≤ nl/2, choose a bi-colored path of
colors 1 and 3 from the two paths P5(x
(2qj−1)
j , x
(2qj)
j , x
(2qi−1)
i , x
(2qi)
i , x
(2ql)
l , x
(2ql−1)
l )
and P5(x
(2qj)
j , x
(2qj−1)
j , x
(2qi)
i , x
(2qi−1)
i , x
(2ql−1)
l , x
(2ql)
l ) and join the remaining vertices
by edges of color 3 as there is unique way to choose these edges with the chosen path.
There are (n1n2n3)/4 choices for 4-colored graphs. If some graphs yield (〈S | R〉, R)
then put them in the class C.
(vi) If R = R ∪ {wi}, for some i ∈ {1, . . . , k − 1}, choose R = R ∪ {wi+1} and go to the
step (ii). If R = R ∪ {wk} then C is the collection of all crystallizations which yield
(〈S | R〉, R) and are minimal with respect to (〈S | R〉, R). If C is empty then such a
crystallization does not exist.
4 Applications of Algorithm 1
From a given presentation 〈S | R〉 with two generators and two relations, using our al-
gorithm, we construct all the possible λ(〈S | R〉, R)-vertex crystallizations which yield
(〈S | R〉, R). We also discuss the cases, where no such crystallization exists.
4.1 Constructions of some crystallizations
Here we consider the cases where Algorithm 1 gives crystallizations for a pair (〈S | R〉, R).
Example 4.1 (Crystallizations of M〈m,n, 2〉 for m,n ≥ 2). Recall that binary
polyhedral group 〈m,n, k〉 has a presentation 〈x1, x2, x3 | x
m
1 = x
n
2 = x
k
3 = x1x2x3〉 for
some integer m,n, k ≥ 2. If k = 2 then x3 = x1x2 and hence x
m
1 = x1x2x1x2 and x
n
2 =
x1x2x1x2. Therefore, 〈m,n, 2〉 has a presentation 〈S | R〉, where S = {x1, x2} and R =
{xm−11 x
−1
2 x
−1
1 x
−1
2 , x
n−1
2 x
−1
1 x
−1
2 x
−1
1 }. It is not difficult to prove that, x
m
1 x
−n
2 is the only
independent element in R of minimum weight.
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Figure 1: Crystallization of M〈m,n, 2〉 for m,n ≥ 2
Therefore,R = R∪{xm1 x
−n
2 }. Thus,m
(c)
12 = 3,m
(c)
13 = 2m−1,m
(c)
23 = 2n−1 for 2 ≤ c ≤ 3,
(n1, n2, n3) = (2m + 2, 2n + 2, 2m + 2n − 2) and Gi = Cni(x
(1)
i , . . . , x
(ni)
i ) for 1 ≤ i ≤ 3
as in Figure 1. Choose (ni, nj , nl) = (n3, n1, n2). Thus, {x
(1)
3 x
(1)
2 , . . . , x
(2n−1)
3 x
(2n−1)
2 },
{x
(2m+2n−2)
3 x
(1)
1 , . . . , x
(2n)
3 x
(2m−1)
1 } and {x
(2m+2)
1 x
(2n+2)
2 , x
(2m+1)
1 x
(2n+1)
2 , x
(2m)
1 x
(2n)
2 } are the
sets of edges of color 2. Here the only choice for the triplet (q1, q2, q3) is (1, n − 2, n − 1)
and for the path P5 is P5(x
(2)
1 , x
(1)
1 , x
(2n−2)
3 , x
(2n−3)
3 , x
(2n−5)
2 , x
(2n−4)
2 ), they give a regular
bipartite 4-colored graph (Γ, γ) which yields (〈S | R〉, R) (cf. Lemma 4.2). Therefore, by
Theorem 3.1, (Γ, γ) (cf. Figure 1) is a crystallization of the closed connected orientable
3-manifold M〈m,n, 2〉 (cf. Subsection 2.4) and minimal with respect to (〈S | R〉, R).
Observe that (i) #V (Γ) = 4m+4n+2 = (2m+2)+(2n+2)+(2m+2n−2) = λ(〈S | R〉, R),
(ii) Γ{i,j} = (m+ n− 1)C4 ⊔C6 for 0 ≤ i ≤ 1 and 2 ≤ j ≤ 3 as #V (Γ) = 4(m+ n− 1) + 2,
and (iii) the m
(c)
ij edges of color c between Gi and Gj yield m
(c)
ij − 1 bi-colored 4-cycles for
1 ≤ i < j ≤ 3 and 2 ≤ c ≤ 3.
Lemma 4.2. Let the presentation (〈S | R〉, R) and q1, q2, q3, P5 be as in Example 4.1. Then,
the choice of the triplet (q1, q2, q3) and the path P5 for which the 4-colored graph (Γ, γ) yields
(〈S | R〉, R), is unique.
Proof. Since xm−11 x
−1
2 x
−1
1 x
−1
2 (resp., x
m
1 x
−n
2 ) is a relation which contains x
m−1
1 (resp., x
m
1 ),
m − 2 (resp., m − 1) edges of color 3 between G1 and G3 are involved to yield x
m−1
1
(resp., xm1 ). Since Γ is bipartite, m
(3)
13 = 2m − 1 and G1 has 2m + 2 vertices, either
white dots ‘◦’ vertices (resp., black dots ‘•’ vertices) or black dots ‘•’ vertices (resp.,
white dots ‘◦’ vertices) in G1 are involved to yield x
m−1
1 (resp., x
m
1 ). Again, the fact
that m
(2)
12 = 3 and {x
(2n+2)
2 , x
(2n)
2 } is a set of white dots ‘◦’ vertices implies that one of
the vertices x
(2n+2)
2 , x
(2n)
2 is the starting vertex for one of the two relations above. Thus,
the black dot ‘•’ vertex x
(2n+1)
2 is the starting vertex for the other relation. Up to an
automorphism, we can assume that x
(2n)
2 and x
(2n+1)
2 are the starting vertices for the two
11
relations above. Therefore, x
(2m)
1 and x
(2m+1)
1 are joined with vertices of G3 by edges
of color 3. Since the relation with starting vertex x
(2n+1)
2 contains x
m−1
1 or x
m
1 , either
{x
(2m+1)
1 x
(2n)
3 , x
(2m−1)
1 x
(2n+2)
3 , . . . , x
(7)
1 x
(2m+2n−6)
3 } or {x
(2m+1)
1 x
(2m+2n−2)
3 , x
(1)
1 x
(2m+2n−4)
3 ,
. . . , x
(2m−7)
1 x
(2n+4)
3 } is the set of edges of color 3. But, in the later case, x
(2m)
1 x
(1)
3 ∈
γ−1(3) as x
(2m)
1 and x
(2m+1)
1 are joined with vertices of G3 by edges of color 3. Then,
the relation with starting vertex x
(2n)
2 contains x1x2wx
−1
2 for some w ∈ F (S), which
is a contradiction. Therefore, x
(2m+1)
1 x
(2n)
3 , x
(2m−1)
1 x
(2n+2)
3 , . . . , x
(7)
1 x
(2m+2n−6)
3 ∈ γ
−1(3)
and hence x
(2m)
1 x
(2n+1)
3 , x
(2m−2)
1 x
(2n+3)
3 , . . . , x
(6)
1 x
(2m+2n−5)
3 ∈ γ
−1(3). Since one relation
contains xm1 and other contains x
m−1
1 , x
(5)
1 x
(2m+2n−4)
3 ∈ γ
−1(3) and hence x
(4)
1 , x
(3)
1 , x
(2)
1
are joined with G2 with edges of color 3. Thus, x
(2m+2)
1 x
(2n−1)
3 , x
(1)
1 x
(2n−2)
3 ∈ γ
−1(3) as
m
(3)
13 = 2m − 1. Therefore, x
(2n+1)
2 is the starting vertex for the relation x
m
1 x
−n
2 . In other
words, we can say that x
(2m+1)
1 is the starting vertex for the relation x
n
2x
−m
1 . Therefore,
x
(2m+2)
1 is the starting vertex for the relation x
n−1
2 x
−1
1 x
−1
2 x
−1
1 . Thus, by similar argu-
ments as above, x
(2n−1)
2 x
(2m+2n−3)
3 , x
(2n)
2 x
(2m+2n−2)
3 , . . . , x
(2n−5)
2 x
(2n−3)
3 ∈ γ
−1(3). There-
fore, x
(2)
1 x
(2n−4)
2 , x
(3)
1 x
(2n−3)
2 , x
(4)
1 x
(2n−2)
2 ∈ γ
−1(3). Thus, the lemma follows.
Example 4.3 (Crystallization of L(kq − 1, q), for k, q ≥ 2). We know Zkq−1 has a
presentation 〈S | R〉, where S = {x1, x2} and R = {x
q
1x
−1
2 , x
k
2x
−1
1 }. It is not difficult to
prove that, xq−11 x
k−1
2 is the only independent element in R of minimum weight.
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Figure 2: Crystallization of L(kq − 1, q) for k, q ≥ 2
Therefore, R = R ∪ {xq−11 x
k−1
2 }. Thus, m
(c)
12 = 2, m
(c)
13 = 2q − 2, m
(c)
23 = 2k − 2 for
2 ≤ c ≤ 3, (n1, n2, n3) = (2q, 2k, 2q + 2k − 4) and Gi = Cni(x
(1)
i , . . . , x
(ni)
i ) for 1 ≤ i ≤
3 as in Figure 2. Choose (ni, nj, nl) = (n3, n1, n2). Thus, {x
(1)
3 x
(1)
2 , . . . , x
(2k−2)
3 x
(2k−2)
2 },
{x
(2q+2k−4)
3 x
(1)
1 , . . . , x
(2k−1)
3 x
(2q−2)
1 } and {x
(2q−1)
1 x
(2k−1)
2 , x
(2q)
1 x
(2k)
2 } are the sets of edges of
color 2. Here the only choice for the triplet (q1, q2, q3) is (q−1, k, k−1) and for the path P5
is P5(x
(2q−2)
1 , x
(2q−3)
1 , x
(2k−2)
3 , x
(2k−3)
3 , x
(2k−1)
2 , x
(2k)
2 ), they give a regular bipartite 4-colored
12
graph (Γ, γ) which yields (〈S | R〉, R) (cf. Lemma 4.4). Therefore, by Theorem 3.1, (Γ, γ)
(cf. Figure 2) is a crystallization of a closed connected orientable 3-manifold and minimal
with respect to (〈S | R〉, R). Here (Γ, γ) is a crystallization of L(kq − 1, q) as (Γ, γ) is
isomorphic to the graph Mk,q (cf. [4, Subsection 5.1]) and Mk,q is a crystallization of
L(kq − 1, q).
Observe that (i) #V (Γ) = 4(q + k − 1) = 2q + 2k + 2(q + k − 2) = λ(〈S | R〉, R), and
(ii) Γ{0,3} (resp., Γ{1,2}) is a union of (q+ k− 1) 4-cycles and Γ{0,2} (resp., Γ{1,3}) is of type
(q+ k− 4)C4 ⊔ 2C6 as #V (Γ) = 4(q+ k− 1) and m
(c)
ij ≥ 1 for 2 ≤ c ≤ 3 and 1 ≤ i < j ≤ 3.
Lemma 4.4. Let the presentation (〈S | R〉, R) and q1, q2, q3, P5 be as in Example 4.3. Then,
the choice of the triplet (q1, q2, q3) and the path P5 for which the 4-colored graph (Γ, γ) yields
(〈S | R〉, R), is unique.
Proof. Clearly, either x
(2k)
2 or x
(2k−1)
2 is the starting vertex for the relation x
q
1x
−1
2 . Up to an
automorphism, we can assume x
(2k)
2 is the starting vertex for the relation x
q
1x
−1
2 . Since Γ is
bipartite, all the black dots ‘•’ vertices in G1 are involved to yield the relation x
q
1x
−1
2 . Thus,
either {x
(2q)
1 x
(2k−1)
3 , x
(2q−2)
1 x
(2k+1)
3 , . . . , x
(4)
1 x
(2q+2k−5)
3 } or {x
(2q)
1 x
(2q+2k−5)
3 , x
(2)
1 x
(2q+2k−7)
3 ,
. . . , x
(2q−4)
1 x
(2k−1)
3 } is the set of edges of color 3. Since the 2q−2 edges of color 3 between G1
and G3 form 2q−3 bi-colored 4-cycles in Γ{0,1,3}, in the first case, x
(2q−1)
1 x
(2k)
3 , x
(2q−3)
1 x
(2k+2)
3 ,
. . . , x
(5)
1 x
(2q+2k−6)
3 ∈ γ
−1(3). This gives a relation xq−21 wx
−1
2 other than x
q
1x
−1
2 for some
w ∈ F (S). But, there does not exist such a relation. So, x
(2q)
1 x
(2q+2k−5)
3 , x
(2)
1 x
(2q+2k−7)
3 ,
. . . , x
(2q−4)
1 x
(2k−1)
3 ∈ γ
−1(3) and hence x
(1)
1 x
(2q+2k−6)
3 , x
(3)
1 x
(2q+2k−8)
3 , . . . , x
(2q−5)
1 x
(2k)
3 ∈
γ−1(3). Since x
(2k)
2 is the starting vertex for the relation x
q
1x
−1
2 , we have x
(2q−2)
1 x
(2k)
2 ∈
γ−1(3) and hence x
(2q−1)
1 x
(1)
2 , x
(2q−3)
1 x
(2k−2)
3 ∈ γ
−1(3) as all components of Γ{0,3} are 4-cycle.
By similar arguments as above, x
(2k−1)
2 x
(2k−3)
3 , x
(2k−2)
2 x
(2k−4)
3 , . . . , x
(2)
2 x
(2q+2k−4)
3 ∈ γ
−1(3)
as x
(2q−1)
1 is the starting vertex for the relation x
k
2x
−1
1 . Thus, the lemma follows.
Example 4.5 (Crystallization of L((k−1)q+1, q) for k, q ≥ 2). We know Z(k−1)q+1
has a presentation 〈S | R〉, where S = {x1, x2} and R = {x
q
1x
−1
2 , x
q−1
1 x
−k
2 }.
It is not difficult to prove that, x1x
k
2 is the only independent element in R of minimum
weight. Therefore, R = R∪{x1x
k
2}. Thus,m
(c)
12 = 2, m
(c)
13 = 2q−2, m
(c)
23 = 2k−2 for 2 ≤ c ≤
3, (n1, n2, n3) = (2q, 2k, 2q + 2k − 4). Choose (ni, nj , nk) = (n3, n1, n2). Therefore, the 3-
colored graph with colors 0, 1, 2 as in previous example. Here, the only choice for the triplet
(q1, q2, q3) is (q − 1, k, 1) and for the path P5 is P5(x
(2q−3)
1 , x
(2q−2)
1 , x
(1)
3 , x
(2)
3 , x
(2k)
2 , x
(2k−1)
2 ),
they give a regular bipartite 4-colored graph (Γ, γ) which yields (〈S | R〉, R) (cf. Lemma
4.6). Therefore, by Theorem 3.1, (Γ, γ) (cf. Figure 3) is a crystallization of a closed
connected orientable 3-manifold and minimal with respect to (〈S | R〉, R). Here (Γ, γ) is a
4(k + q − 1)-vertex crystallization of L((k − 1)q − 1, q) as (Γ, γ) is isomorphic to the graph
Nk−1,q (cf. [4, Subsection 5.2]) and Nk−1,q is a crystallization of L((k − 1)q − 1, q).
Lemma 4.6. Let the presentation (〈S | R〉, R) and q1, q2, q3, P5 be as in Example 4.5. Then,
the choice of the triplet (q1, q2, q3) and the path P5 for which the 4-colored graph (Γ, γ) yields
(〈S | R〉, R), is unique.
Proof. Without loss of generality, we choose x
(2k−1)
2 as the starting vertex for the relation
xq1x
−1
2 . Thus, either {x
(2q−1)
1 x
(2k)
3 , x
(2q−3)
1 x
(2k+2)
3 , . . . , x
(3)
1 x
(2q+2k−4)
3 } or {x
(2q−1)
1 x
(2q+2k−4)
3 ,
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Figure 3: Crystallization of L((k − 1)q + 1, q) for k, q ≥ 2
x
(1)
1 x
(2q+2k−6)
3 , . . . , x
(2q−5)
1 x
(2k)
3 } is the set of edges of color 3. By similar arguments as in
the proof of Lemma 4.4, we get a relation xk2x
−1
1 in the first case. Therefore, we have to
choose the second case. Again, by similar arguments as in the proof of Lemma 4.4, the
lemma follows.
Example 4.7 (Crystallization of a hyperbolic 3-manifold). Let 〈S | R〉 be a presenta-
tion of a group, where S = {x1, x2} and R = {x
4
1x
−1
2 x1x
−1
2 x
4
1x
−1
2 x1x
−3
2 x1x
−1
2 , x
3
1x
2
2x
3
1x
−1
2 x1
x−12 x
4
1x
−1
2 x1x
−1
2 }. It is not difficult to prove that, x
2
2x
3
1x
2
2x
−1
1 x2x
−1
1 ∈ R is the only inde-
pendent element of minimum weight.
Therefore, R = R ∪ {x22x
3
1x
2
2x
−1
1 x2x
−1
1 }. Thus, m
(c)
12 = 11, m
(c)
13 = 17, m
(c)
23 = 7 for 2 ≤
c ≤ 3, (n1, n2, n3) = (28, 18, 24) and Gi = Cni(x
(1)
i , . . . , x
(ni)
i ) for 1 ≤ i ≤ 3 as in Figure 4.
Choose (ni, nj, nl) = (n1, n3, n2). Thus, {x
(1)
1 x
(1)
2 , . . . , x
(11)
1 x
(11)
2 }, {x
(28)
1 x
(1)
3 , . . . , x
(12)
1 x
(17)
3 }
and {x
(24)
3 x
(18)
2 , . . . , x
(18)
3 x
(12)
2 } are the sets of edges of color 2. Here the only choice for the
triplet (q1, q2, q3) is (8, 5, 10) and for the path P5 is P5(x
(20)
3 , x
(19)
3 , x
(16)
1 , x
(15)
1 , x
(9)
2 , x
(10)
2 ),
they give a bipartite 4-colored graph (Γ, γ) (cf. Figure 4) which yields (〈S | R〉, R) (cf.
Lemma 4.8). Since 〈S | R〉 is not a free product of two non trivial group, |K(Γ)| is
prime. Now, 〈S | R〉 ∼= 〈x1, x2 | x
4
1x
−1
2 x1x
−1
2 x
4
1x
−1
2 x1x
−3
2 x1x
−1
2 , x
2
2x
3
1x
2
2x
−1
1 x2x
−1
1 〉
∼= 〈x1, x2 |
x1x
3
2x1x2x
4
1x2x1x2x
4
1x2, x1x2x1x
2
2x
−3
1 x
2
2〉 which is the presentation of the fundamental group
of a closed, connected orientable prime hyperbolic 3-manifold (see the presentation in
http://www.dms.umontreal.ca/∼math/Logiciels/Magma/text414.htm). Therefore, by
Proposition 2.1, |K(Γ)| is homeomorphic to the hyperbolic 3-manifold as in the list. Thus,
using the algorithm we get a crystallization of the hyperbolic 3-manifold from a given pre-
sentation.
Observe that (i) #V (Γ) = 70 = 28+26+16 = λ(〈S | R〉, R), and (ii) Γ{i,j} = 16C4⊔C6
for 0 ≤ i ≤ 1, 2 ≤ j ≤ 3 as #V (Γ) = 70 = 4× 17 + 2.
Lemma 4.8. Let the presentation (〈S | R〉, R) and q1, q2, q3, P5 be as in Example 4.7. Then,
the choice of the triplet (q1, q2, q3) and the path P5 for which the 4-colored graph (Γ, γ) yields
(〈S | R〉, R), is unique.
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Figure 4: Crystallization of a hyperbolic 3-manifold
Proof. From the discussions in the proofs of previous lemmas it is clear that, if xε1j x
±m
i x
ε2
j
is a part of a relation for some ε1, ε2 ∈ {1,−1}, m ≥ 2 and 1 ≤ i 6= j ≤ 2 then to yield
xε1j x
±m
i x
ε2
j , there are exactly m−1 vertices of G3 have both the 2-adjacent vertices and the
3-adjacent vertices in Gi. There are three different words of type x
ε1
2 x
4
1x
ε2
2 and three different
words of type xε12 x
3
1x
ε2
2 in the relations in R. Therefore, exactly (3(4 − 1) + 3(3 − 1) =) 15
vertices of G3 have both the 2-adjacent vertices and the 3-adjacent vertices in G1. By similar
arguments as above, ((3−1)+3(2−1) =) 5 vertices of G3 have both the 2-adjacent vertices
and the 3-adjacent vertices in G2. Since there are eight different words of type x1x
−1
2 x1
and one word of type x−11 x2x
−1
1 in the relations in R, exactly (8 + 1 =) 9 vertices of G2
have both the 2-adjacent vertices and the 3-adjacent vertices in G1. Since m
(2)
13 = m
(3)
13 = 17
and 15 vertices of G3 have both the 2-adjacent vertices and the 3-adjacent vertices in G1,
x
(1+m)
3 , . . . , x
(15+m)
3 , 0 ≤ m ≤ 2 are the choices of these vertices. If m = 1 then, either x
(1)
3
or x
(17)
3 is joined to G1 with an edge of color 3 as m
(3)
13 = 17. Since exactly 15 vertices of
15
G3 are joined to G1 with both edges of colors 2 and 3, m 6= 1. Up to an automorphism,
we can assume x
(1)
3 is not such a vertex, i.e., m = 2. Therefore, x
(1)
3 and x
(2)
3 are joined to
G2 with edges of color 3. Let x
(3)
3 x
(26+n)
1 , . . . , x
(19)
3 x
(10+n)
1 ∈ γ
−1(3) for some integer n. If
−4 ≤ n ≤ 4 then there is a relation containing x51 and if n ≥ 8 or n ≤ −8 then there is
no relation containing x41 and therefore both cases are not possible. Therefore, n = ±6. If
m = 2 and n = −6 then x
(3)
3 x
(20)
1 , . . . , x
(19)
3 x
(4)
1 ∈ γ
−1(3). This contradicts that 9 vertices of
G2 have both the 2-adjacent vertices and the 3-adjacent vertices in G1. Therefore, m = 2
and n = 6 and hence x
(3)
3 x
(4)
1 , x
(4)
3 x
(3)
1 , . . . , x
(19)
3 x
(16)
1 ∈ γ
−1(3). Since x
(18)
3 and x
(19)
3 are
already joined to G1 with edges of color 3, the remaining vertices x
(20)
3 , . . . , x
(24)
3 are joined
to G2 with both edges of colors 2 and 3. Since the relations with starting vertices x
(18)
3 and
x
(19)
3 yield x
2
2w for some w ∈ F (S), x
(20)
3 x
(14+k)
2 , . . . , x
(24)
3 x
(18+k)
2 ∈ γ
−1(3) for k = −4. So,
x
(15)
1 x
(9)
2 ∈ γ
−1(3). Thus, the lemma follows.
Remark 4.9. If (Γ, γ) is a crystallization of a 3-manifold then the regular genus of Γ is the
integer ρ(Γ) = min{g01, g02, g03}− 1 (cf. [2, Section 4]). The crystallizations constructed in
Example 4.1 for n = k = 2 and in Examples 4.3 and 4.5 are crystallizations of handle-free
manifolds. Thus, by [6, Proposition 4] and from the catalogue in [2], these crystallizations
are vertex-minimal regular genus two crystallizations when the number of vertices of the
crystallizations are at most 42. The crystallizations constructed in Examples 4.3 and 4.5
are vertex-minimal for all known cases. In fact, the crystallizations of L((k− 1)q+1, q) are
vertex-minimal when (k − 1)q + 1 are even (cf. [4, 8, 19]).
4.2 Non existence of some crystallizations
Here we consider the cases where Algorithm 1 determines the non existence of any crystal-
lization for a pair (〈S | R〉, R).
Example 4.10 (For a presentation of Z6). Let (〈S | R〉, R) be a presentation of the
cyclic group Z6, where S = {x1, x2} and R = {x
3
1x
−1
2 , x
3
1x2}. Clearly, x
2
2 is the only
independent element in R of minimum weight. Therefore, R = R ∪ {x22} and let (Γ, γ) be
a crystallization realizing the above presentation. Thus, m
(c)
12 = 1, m
(c)
13 = 5, m
(c)
23 = 3 for
2 ≤ c ≤ 3 and (n1, n2, n3) = (6, 4, 8). Therefore, by choosing (ni, nj, nl) = (n3, n1, n2), we
have Γ{0,1,2} as in Figure 5.
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Figure 5: The graph Γ{0,1,2}
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If x
(2q3−1)
3 x
(2q3)
3 = x
(7)
3 x
(8)
3 , x
(1)
3 x
(2)
3 or x
(5)
3 x
(6)
3 then, for each of the two choices of the path
P5, either x
(1)
3 or x
(3)
3 is joined with G1 with edges of color 3. Since the graph is bipartite,
neither x
(2)
2 x
(1)
3 nor x
(2)
2 x
(3)
3 can be edge of color 3 in Γ. Therefore, no components of Γ{2,3}
yield the relation x22. For the same reason, we can not choose x
(2q3−1)
3 x
(2q3)
3 = x
(3)
3 x
(4)
3 and
the path P5(x
(2q1−1)
1 , x
(2q1)
1 , x
(3)
3 , x
(4)
3 , x
(2q2)
2 , x
(2q2−1)
2 ). Therefore, the only remaining choice
is x
(2q3−1)
3 x
(2q3)
3 = x
(3)
3 x
(4)
3 and the path P5(x
(2q1)
1 , x
(2q1−1)
1 , x
(4)
3 , x
(3)
3 , x
(2q2−1)
2 , x
(2q2)
2 ). Thus,
x
(2)
3 is joined with G2 and hence x
(4)
2 x
(2)
3 ∈ γ
−1(3) (since Γ is bipartite and has no double
edge). Then, P3(x
(6)
1 , x
(4)
2 , x
(2)
3 , x
(2)
2 ) is a part of a component of Γ{2,3}, which yields the
word x−11 x
2
2. Since x
−1
1 x
2
2 is not a part of relations in R, this choice also is not possible.
Thus, there is no crystallization of a closed connected 3-manifold which yields (〈S | R〉, R)
and is minimal with respect to (〈S | R〉, R).
Example 4.11 (For a presentation of Zmn+n+1, m,n ≥ 1). Let (〈S | R〉, R) be the
presentation of Zmn+n+1, where S = {x1, x2} and R = {x
m+1
1 x
−1
2 , x1x
n
2} and m,n ≥ 1. It
is not difficult to prove that, {xm11 x
−1
2 x
m2
1 x
−n
2 : m1 + m2 = m,m1,m2 ≥ 1} is the set of
all independent elements in R of minimum weight. So, R = R ∪ {xm11 x
−1
2 x
m2
1 x
−n
2 } and let
(Γ, γ) be a crystallization realizing the above presentation. Thus, m
(c)
12 = 3, m
(c)
13 = 2m− 1,
m
(c)
23 = 2n − 1 for 2 ≤ c ≤ 3 and (n1, n2, n3) = (2m+ 2, 2n + 2, 2m + 2n− 2). By choosing
(ni, nj , nl) = (n3, n1, n2), we have Γ{0,1,2} as in Figure 1. From the discussions in the proof
of Lemma 4.8, it is clear that, since there is a relation xm+11 x
−1
2 and there are two words
x−12 x
m1
1 x
−1
2 , x
−1
2 x
m2
1 x
−1
2 in an other relation in R, exactly m+m1 − 1 +m2 − 1 = 2m− 2
vertices of G3 have both the 2-adjacent vertices and the 3-adjacent vertices in G1. But, to
yield the relation xm+11 x
−1
2 , exactly m vertices of G3 have both the 2-adjacent vertices and
the 3-adjacent vertices in G1. Since Γ is bipartite, {x
(2n)
3 , x
(2n+2)
3 , . . . , x
(2m+2n−2)
3 } is the
only possible set of those m vertices. Therefore, x
(2n+1)
3 , x
(2n+3)
3 , . . . , x
(2m+2n−3)
3 are also
joined to G1 with edges of color 3 as all the m
(3)
13 edges of color 3 between G1 and G3 yield
m
(3)
13 −1 bi-colored 4-cycles in Γ{0,1,3}. Thus, we get m+m−1 = 2m−1 vertices of G3 have
both the 2-adjacent vertices and the 3-adjacent vertices in G1, which is a contradiction.
Therefore, there is no choice for the triplet (q1, q2, q3) which yields the relations. Thus,
there is no crystallization of a closed connected 3-manifold which yields (〈S | R〉, R) and is
minimal with respect to (〈S | R〉, R).
5 Generalization of Algorithm 1
In Section 3, we have computed crystallizations of 3-manifolds from a given presentation
(〈S | R〉, R) with two generators and two relations. For such a presentation, Γ{0,1,2} and
Γ{0,1,3} were unique up to an isomorphism. But, if the given presentation (〈S | R〉, R) has
the number of generators and relations greater than two then Γ{0,1,2} and Γ{0,1,3} may have
many choices. But, there are some classes of presentations, for which Γ{0,1,2} and Γ{0,1,3}
are unique up to an isomorphism.
In this section, we generalize Algorithm 1 for a presentation (〈S | R〉, R) with three
generators and a certain class of relations. Let r ∈ R be an element of minimum weight
and R′ = R ∪ {r}. Let m
(c)
ij :=
∑
w∈R′ w
(c)
ij for 1 ≤ i < j ≤ 4 and 2 ≤ c ≤ 3, where w
(c)
ij
as in Subsection 2.3. Let CR := {w1, . . . , wk} be the set of all independent elements in
R such that (i) the weight of w is minimum and (ii) for each R ∪ {wl}, we have m
(c)
ij =
17
∑
w∈R∪{wl}
w
(c)
ij ≥ 1, where 1 ≤ i < j ≤ 4 and 2 ≤ c ≤ 3. Let (Γ, γ) be a crystallization of a
3-manifold such that (Γ, γ) is minimal with respect to (〈S | R〉, R) and yields R = R∪{w},
where w ∈ CR. Without loss of generality, let Γ{0,1} = ⊔
4
i=1Gi such that Gi represents
the generator xi for 1 ≤ i ≤ 3 and G4 represents x4 (cf. Eq. (2.3) for construction
of r˜). Let ni be the total number of appearances of xi in the four relations in R for
1 ≤ i ≤ 3 and n4 = λ(〈S | R〉, R) − (n1 + n2 + n3). Then, the total number of vertices
in Gi should be ni. Assume Gi = Cni(x
(1)
i , . . . , x
(ni)
i ) for 1 ≤ i ≤ 4. Clearly, each ni is
even and n1 + n2 + n3 + n4 = #V (Γ). Without loss of generality, we can assume that
x
(2j−1)
i x
(2j)
i ∈ γ
−1(1) and x
(2j)
i x
(2j+1)
i ∈ γ
−1(0) with x
(ni+1)
i = x
(1)
i for 1 ≤ j ≤ ni/2 and
1 ≤ i ≤ 4. Here and after, the additions and subtractions at the point ‘∗’ in x
(∗)
i are modulo
ni for 1 ≤ i ≤ 4. Let the colors 2 and 3 be the colors ‘i’ and ‘j’ respectively as in construction
of r˜ for r ∈ R (cf. Eq. (2.3)). Then, the number of edges of color c between Gi and Gj
is m
(c)
ij for 2 ≤ c ≤ 3 and 1 ≤ i < j ≤ 4. Therefore, m :=
∑
1≤i<j≤4m
(c)
ij = #V (Γ)/2.
Now, the maximum number of bi-colored 4-cycles in Γ{0,1,c} with two edges of color c is∑
1≤i<j≤4(m
(c)
ij − 1) = m− 6. Again, by Proposition 2.5, 4 + g0c + g1c = #V (Γ)/2 + 2, i.e.,
g0c + g1c = m− 2. Since Gi and Gj are connected by an edge of color c for 1 ≤ i < j ≤ 4
and 2 ≤ c ≤ 3, we have at least four distinct bi-colored paths P5 with some edges of color
c in Γ{0,1,c} which touch Gi, Gj , Gl for all distinct i, j, l ∈ {1, 2, 3, 4}. Therefore, we must
have m − 6 bi-colored 4-cycles and four bi-colored 6-cycles with some edges of color c in
Γ{0,1,c}. Thus, m
(c)
ij edges of color c between Gi and Gj yield m
(c)
ij − 1 bi-colored 4-cycles
in Γ{0,1,c} for 1 ≤ i < j ≤ 4 and 2 ≤ c ≤ 3. Therefore, two bi-colored 6-cycles with some
edges of color c in Γ{0,1,c} give unique choices for the remaining edges of color c. Without
loss, we can assume Γ{0,2} has a 6-cycle C6(x
(1)
1 , x
(n1)
1 , x
(n4)
4 , x
(1)
4 , x
(n2)
2 , x
(1)
2 ). Then, join
x
(1)
1 x
(1)
2 , . . . , x
(m
(2)
12 )
1 x
(m
(2)
12 )
2 by edges of color 2. Without loss of generality, choose x
(p)
3 ∈ G3
such that C6(x
(m
(2)
12 )
1 , x
(m
(2)
12 +1)
1 , x
(p)
3 , x
(p+1)
3 , x
(m
(2)
12 +1)
2 , x
(m
(2)
12 )
2 ) is a bi-colored cycle with three
edges of color 2. Therefore, we have a unique choice for Γ{0,1,2} up to an isomorphism.
The choices of two 6-cycles with three edges of color 3 in Γ{0,1,3} give all possible 4-colored
graphs. If some graphs yield (〈S | R〉, R) then these satisfy all the properties of Proposition
2.5 and hence they are crystallizations of some 3-manifolds. By similar arguments as in the
proof of Theorem 3.1, if M is a closed connected prime manifold with fundamental group
(〈S | R〉, R) and (Γ, γ) is a crystallization, constructed from the pair (〈S | R〉, R) then (Γ, γ)
is a crystallization of M .
5.1 Algorithm 2
We now present an algorithm for a presentation (〈S | R〉, R) with #S = #R = 3 and
CR 6= ∅. This algorithm gives all crystallizations which yield the relation set R ∪ {w},
where w ∈ CR and are minimum with respect to (〈S | R〉, R).
(i) Find the set {wi ∈ R, 1 ≤ i ≤ k} of independent words such that λ(wi) is minimum
and for each R ∪ {wl}, we have m
(c)
ij =
∑
w∈R∪{wl}
w
(c)
ij ≥ 1, where 1 ≤ i < j ≤ 4 and
2 ≤ c ≤ 3. Let R = R ∪ {w1} and consider a class of graphs C which is empty.
(ii) For R, (a) find m
(c)
ij for 2 ≤ c ≤ 3 and 1 ≤ i < j ≤ 4 and (b) find n1, n2, n3, n4.
(iii) Consider four bi-colored cycles Gi = Cni(x
(1)
i , . . . , x
(ni)
i ) for 1 ≤ i ≤ 4 such that
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x
(2j−1)
i x
(2j)
i has color 1 and x
(2j)
i x
(2j+1)
i has color 0 with the consideration x
(ni+1)
i =
x
(1)
i for 1 ≤ j ≤ ni/2 and 1 ≤ i ≤ 4.
(iv) The sets {x
(1)
1 x
(1)
2 , . . . , x
(m
(2)
12 )
1 x
(m
(2)
12 )
2 }, {x
(n1)
1 x
(n4)
4 , . . . , x
(n1+1−m
(2)
14 )
1 x
(n4+1−m
(2)
14 )
4 } and
{x
(n2)
2 x
(1)
4 , . . . , x
(n2+1−m
(2)
24 )
4 x
(m
(2)
24 )
4 } contain edges of color 2. Without loss of gener-
ality, choose x
(p)
3 ∈ G3 such that C6(x
(m
(2)
12 )
1 , x
(m
(2)
12 +1)
1 , x
(p)
3 , x
(p+1)
3 , x
(m
(2)
12 +1)
2 , x
(m
(2)
12 )
2 )
is a bi-colored cycle with three edges of color 2. Therefore, the edges of the sets
{x
(m
(2)
12 +1)
2 x
(p+1)
3 , . . . , x
(m
(2)
12 +m
(2)
23 )
2 x
(p+m
(2)
23 )
3 }, {x
(p+m
(2)
23 +1)
3 x
(m
(2)
24 +1)
4 , . . . , x
(p+m
(2)
23 +m
(2)
34 )
3
x
(m
(2)
24 +m
(2)
34 )
4 } and {x
(m
(2)
12 +1)
1 x
(p)
3 , . . . , x
(m
(2)
12 +m
(2)
13 )
1 x
(p+1−m
(2)
13 )
3 } have also color 2.
(v) For each 1 ≤ q1 ≤ n1, choose x
(q2)
2 ∈ G2 such that {x
(q1)
1 x
(q2)
2 , . . . , x
(q1−1+m
(3)
12 )
1
x
(q2−1+m
(3)
12 )
2 } ⊂ γ
−1(3). Then, choose x
(q3)
3 ∈ G3 and x
(q4)
4 ∈ G4 such that, either
{x
(q1−1)
1 x
(q3)
3 , x
(q1+m
(3)
12 )
1 x
(q4)
4 } or {x
(q1−1)
1 x
(q4)
4 , x
(q1+m
(3)
12 )
1 x
(q3)
3 } contains edges of color
3. There are n1 ×
n2
2 × 2×
n3
2 ×
n4
2 =
n1n2n3n4
4 choices for choosing these vertices and
edges. Then, for each choice, join the remaining vertices by edges of color 3 as there
is unique way to choose the remaining edges with the known m
(3)
12 + 2 edges of color
3. If some graphs yield (〈S | R〉, R) then put them in the class C.
(vi) If R = R∪{wi}, for some i ∈ {1, . . . , k−1}, choose R = R∪{wi+1} and go to step (ii).
If R = R∪{wk} then C is the collection of all crystallizations which yield (〈S | R〉, R)
and are minimal with respect to (〈S | R〉, R). If C is empty then such a crystallization
does not exist.
5.2 Constructions of crystallizations of M〈m,n, k〉
Recall that M〈m,n, k〉 is the closed connected orientable 3-manifold with the fundamen-
tal group 〈m,n, k〉 which has a presentation (〈S | Rmnk〉, Rmnk), where S = {x1, x2, x3}
and Rmnk = {x
m−1
1 x
−1
3 x
−1
2 , x
n−1
2 x
−1
1 x
−1
3 , x
k−1
3 x
−1
2 x
−1
1 }. It is not difficult to prove that,
xm−21 x
−1
3 x
n−2
2 x
−1
1 x
k−2
3 x
−1
2 is the only independent element in Rmnk of minimum weight.
Observe that
λ(xm−21 x
−1
3 x
n−2
2 x
−1
1 x
k−2
3 x
−1
2 ) =


2m if k = n = 2,m ≥ 3,
2m+ 2n− 6 if k = 2,m, n ≥ 3,
2m+ 2n+ 2k − 12 if m,n, k ≥ 3.
Therefore,
λ(〈S | Rmnk〉, Rmnk) =


4(m+ 2) if k = n = 2,m ≥ 3,
4(m+ n)− 2 if k = 2,m, n ≥ 3,
4(m+ n+ k − 3) if m,n, k ≥ 3.
Since m
(c)
ij ≥ 1 for the set Rmnk ∪{x
m−2
1 x
−1
3 x
n−2
2 x
−1
1 x
k−2
3 x
−1
2 }, where 1 ≤ i < j ≤ 4 and
2 ≤ c ≤ 3, we have xm−21 x
−1
3 x
n−2
2 x
−1
1 x
k−2
3 x
−1
2 ∈ CRmnk . Thus, we can apply Algorithm 2.
Recall that M〈m, 2, 2〉 ∼= S3/Q4m.
Theorem 5.1. For m ≥ 3, S3/Q4m has a crystallization with 4(m + 2) vertices which is
unique and minimal with respect to (〈S | Rm22〉, Rm22).
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Proof. Since CRm22 6= ∅ form ≥ 3, we can apply Algorithm 2. LetR = Rm22∪{x
m−2
1 x
−1
3 x
−1
1
x−12 }. Thus, m
(2)
13 = m
(2)
23 = m
(2)
24 = m
(3)
12 = m
(3)
23 = m
(3)
34 = 1, m
(2)
12 = m
(2)
34 = m
(3)
13 =
m
(3)
24 = 2 and m
(2)
14 = m
(3)
14 = 2m − 3. Observe that, (n1, n2, n3, n4) = (2m, 4, 4, 2m) and
Gi = Cni(x
(1)
i , . . . , x
(ni)
i ) for 1 ≤ i ≤ 4 as in Figure 6. Choose x
(p)
3 = x
(2)
3 as in Algorithm 2,
then the 3-colored graph with the color set {0, 1, 2} is as in Figure 6, which is unique up to an
isomorphism. For the choices (q1, q2, q3, q4) = (5, 3, 1, 2) and (x
(q1−1)
1 x
(q4)
4 , x
(q1+m
(3)
12 )
1 x
(q3)
3 ) =
(x
(4)
1 x
(2)
4 , x
(6)
1 x
(1)
3 ), we get a 4-colored graph which yields (〈S | Rm22〉, Rm22). Therefore, for
each m ≥ 3, we get a crystallization (Γ, γ) of the 3-manifold S3/Q4m.
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Figure 6: Crystallization of S3/Q4m for m ≥ 3
Now, we show that the crystallization (Γ, γ) is unique. Here we choose the pair of colors
(2, 3) = (i, j) as in the construction of r˜ for r ∈ R (cf. Eq. (2.3)). From the construction
of r˜ for r ∈ R, it is clear that, either x
(1)
2 or x
(2)
2 is the starting vertex v1 of the component
of Γ{2,3}, which yields the relation x
m−1
1 x
−1
3 x
−1
2 (resp., x
m−2
1 x
−1
3 x
−1
1 x
−1
2 ). If possible let
x
(1)
2 be the starting vertex to yield the relation x
m−1
1 x
−1
3 x
−1
2 then x
(2)
2 is the starting vertex
to yield the relation xm−21 x
−1
3 x
−1
1 x
−1
2 and x
(1)
1 x
(2m−1)
4 , x
(2m−1)
1 x
(2m−3)
4 , . . . , x
(7)
1 x
(5)
4 ∈ γ
−1(3)
(as Γ is bipartite). Since m
(3)
14 edges of color 3 yield m
(3)
14 − 1 bi-colored 4-cycle in Γ{0,1,3},
we have x
(2m)
1 x
(2m−2)
4 , x
(2m−2)
1 x
(2m−4)
4 , . . . , x
(8)
1 x
(6)
4 ∈ γ
−1(3). Since x
(2)
1 x
(2m)
4 ∈ γ
−1(3),
the component of Γ{2,3} with starting vertex x
(2)
2 yields a relation x
m−1
1 wx
−1
2 for some
w ∈ F (S), which is not possible. Thus, x
(2)
2 is the starting vertex to yield the relation
xm−11 x
−1
3 x
−1
2 and x
(2)
1 x
(2m)
4 , x
(1)
1 x
(2m−1)
4 , . . . , x
(8)
1 x
(6)
4 ∈ γ
−1(3) and x
(7)
1 x
(5)
4 6∈ γ
−1(3). There-
fore, x
(3)
1 x
(1)
4 , x
(4)
1 x
(2)
4 ∈ γ
−1(3) as m
(3)
14 = 2m − 3. To yield the relation x
m−1
1 x
−1
3 x
−1
2 , we
have x
(6)
1 x
(1)
3 , x
(2)
2 x
(3)
4 ∈ γ
−1(3). Since x
(3)
1 x
(1)
4 ∈ γ
−1(3), we have x
(4)
2 x
(2)
3 ∈ γ
−1(3) and
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hence C4(x
(3)
1 , x
(2)
3 , x
(4)
2 , x
(1)
4 ) is the component of Γ{2,3} which yields the relation x3x
−1
2 x
−1
1
with starting vertex v1 = x
(3)
1 . Now, there is unique way to choose the remaining edges of
color 3 as in Figure 6. Since xm−21 x
−1
3 x
−1
1 x
−1
2 is the only independent element in Rm22 of
minimum weight, the theorem follows.
Remark 5.2. For m = 2, there is no crystallization of S3/Q4m with 4(m+2) = 16 vertices
(cf. [4]).
Theorem 5.3. For m,n ≥ 3, M〈m,n, 2〉 has a crystallization with 4(m + n) − 2 vertices
which is unique and minimal with respect to (〈S | Rmn2〉, Rmn2).
Proof. Since CRmn2 6= ∅ for m,n ≥ 3, we can apply Algorithm 2. Let R = Rmn2 ∪
{xm−21 x
−1
3 x
n−2
2 x
−1
1 x
−1
2 }. Thus, m
(2)
13 = m
(2)
23 = m
(3)
23 = m
(3)
34 = 1, m
(2)
24 = 2n − 4,m
(3)
24 =
2n − 3, m
(2)
12 = m
(2)
23 = m
(3)
12 = m
(3)
13 = 2, m
(2)
14 = 2m − 3 and m
(3)
14 = 2m − 4. Observe
that, (n1, n2, n3, n4) = (2m, 2n, 4, 2(m + n− 3)) and Gi = Cni(x
(1)
i , . . . , x
(ni)
i ) for 1 ≤ i ≤ 4
as in Figure 7. Choose x
(p)
3 = x
(2)
3 as in Algorithm 2, then the 3-colored graph with the
color set {0, 1, 2} is as in Figure 7, which is unique up to an isomorphism. For the choices
(q1, q2, q3, q4) = (4, 2n − 2, 1, 1) and (x
(q1−1)
1 x
(q4)
4 , x
(q1+m
(3)
12 )
1 x
(q3)
3 ) = (x
(3)
1 x
(1)
4 , x
(6)
1 x
(1)
3 ), we
get a 4-colored graph which yields (〈S | Rmn2〉, Rmn2). Therefore, for each m,n ≥ 3, we get
a crystallization (Γ, γ) of the 3-manifold M〈m,n, 2〉.
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Figure 7: Crystallization of M〈m,n, 2〉 for m,n ≥ 3
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Now, we show that the crystallization (Γ, γ) is unique. Here we choose the pair of colors
(2, 3) = (i, j) as in construction of r˜ for r ∈ R (cf. Eq. (2.3)). By similar arguments as
in the proof of Theorem 5.1, x
(2)
2 is the starting vertex to yield the relation x
m−1
1 x
−1
3 x
−1
2
and hence x
(2)
1 x
(2m+2n−6)
4 , x
(1)
1 x
(2m+2n−5)
4 , . . . , x
(8)
1 x
(2n)
4 ∈ γ
−1(3) and x
(7)
1 x
(2n−1)
4 6∈ γ
−1(3).
Therefore, x
(3)
1 x
(1)
4 ∈ γ
−1(3) as m
(3)
14 = 2m − 4. Since m
(2)
34 = 1, to yield the relation
xm−11 x
−1
3 x
−1
2 , we have x
(6)
1 x
(1)
3 , x
(2)
2 x
(2n−3)
4 ∈ γ
−1(3). Similarly, x
(3)
3 is the starting vertex to
yield the relation xn−12 x
−1
1 x
−1
3 and hence x
(3)
2 x
(2n−4)
4 , x
(4)
2 x
(2n−5)
4 , . . . , x
(2n−3)
2 x
(2)
4 ∈ γ
−1(3)
and x
(2n−2)
2 x
(1)
4 6∈ γ
−1(3). Therefore, x
(2)
2 x
(2n−3)
4 , x
(1)
2 x
(2n−2)
4 ∈ γ
−1(3) as m
(3)
24 = 2n − 3
and hence x
(7)
1 x
(4)
3 , x
(4)
1 x
(2n−2)
2 , x
(1)
2 x
(2n−2)
4 ∈ γ
−1(3) to yield the relation xm−21 x
−1
3 x
n−2
2 x
−1
1
x−12 . Now, there is unique way to choose the remaining edges of color 3 as in Figure 7.
Since xm−21 x
−1
3 x
n−2
2 x
−1
1 x
−1
2 is the only independent element in Rmn2 of minimum weight,
the theorem follows.
Theorem 5.4. For m,n, k ≥ 3, M〈m,n, k〉 has a crystallization with 4(m + n + k − 3)
vertices which is unique and minimal with respect to (〈S | Rmnk〉, Rmnk).
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Figure 8: Crystallization of M〈m,n, k〉 for m,n, k ≥ 3
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Proof. Since CRmnk 6= ∅ for m,n, k ≥ 3, we can apply Algorithm 2. Let R = Rmnk ∪
{xm−21 x
−1
3 x
n−2
2 x
−1
1 x
k−2
3 x
−1
2 }. Thus, m
(2)
12 = m
(2)
23 = m
(2)
13 = m
(3)
12 = m
(3)
23 = m
(3)
13 = 2,
m
(2)
14 = m
(3)
14 = 2m − 4,m
(2)
24 = m
(3)
24 = 2n − 4 and m
(2)
34 = m
(3)
34 = 2k − 4. Again, we have
(n1, n2, n3, n4) = (2m, 2n, 2k, 2(m + n − 6)) and Gi = Cni(x
(1)
i , . . . , x
(ni)
i ) for 1 ≤ i ≤ 4
as in Figure 8. Choose x
(p)
3 = x
(2)
3 as in Algorithm 2, then the 3-colored graph with the
color set {0, 1, 2} is as in Figure 8, which is unique up to an isomorphism. For the choices
(q1, q2, q3, q4) = (4, 2n − 2, 5, 1) and (x
(q1−1)
1 x
(q4)
4 , x
(q1+m
(3)
12 )
1 x
(q3)
3 ) = (x
(3)
1 x
(1)
4 , x
(6)
1 x
(6)
3 ), we
get a 4-colored graph which yields (〈S | Rmnk〉, Rmnk). Therefore, for each m,n, k ≥ 3, we
get a crystallization (Γ, γ) of the 3-manifold M〈m,n, k〉.
Now, we show that the crystallization (Γ, γ) is unique. Here we choose the pair of colors
(2, 3) = (i, j) as in the construction of r˜ for r ∈ R (cf. Eq. (2.3)). By similar arguments
as in the proofs of Theorems 5.1 and 5.3, x
(2)
2 , x
(3)
3 , x
(3)
1 are the starting vertices to yield
the relations xm−11 x
−1
3 x
−1
2 , x
n−1
2 x
−1
1 x
−1
3 , x
m−1
3 x
−1
2 x
−1
1 respectively. Therefore, as in the
proofs of previous theorems, {x
(3)
3 x
(2n+2k−7)
4 , x
(2)
3 x
(2n+2k−8)
4 , . . . , x
(8)
3 x
(2n−2)
4 }, {x
(2)
2 x
(2n−3)
4 ,
x
(3)
2 x
(2n−4)
4 , . . . , x
(2n−3)
2 x
(2)
4 }, {x
(3)
1 x
(1)
4 , x
(2)
1 x
(2m+2n+2k−12)
4 , . . . , x
(8)
1 x
(2n+2k−6)
4 } ⊂ γ
−1(3).
Again, x
(7)
1 x
(4)
3 , x
(4)
1 x
(2n−2)
2 , x
(1)
2 x
(7)
3 ∈ γ
−1(3) to yield the relation xm−21 x
−1
3 x
n−2
2 x
−1
1 x
k−2
3 x
−1
2 .
Now, there is unique way to choose the remaining edges of color 3 as in Figure 8. Since
xm−21 x
−1
3 x
n−2
2 x
−1
1 x
k−2
3 x
−1
2 is the only independent element in Rmnk of minimum weight, the
theorem follows.
Remark 5.5. By [6, Proposition 4], the vertex-minimal crystallizations of prime and
handle-free 3-manifolds with at most 30 vertices are known (cf. [3, 7, 14]). Thus, our
crystallizations of the 3-manifolds M〈m, 2, 2〉 for ‘m ≥ 3’ and M〈m,n, k〉 for ‘m ≥ 4 and
n, k ≥ 3’ are minimal crystallizations when the number of vertices of the crystallizations are
at most 30. There are no known crystallizations in the literature of M〈m, 2, 2〉 for ‘m ≥ 3’
and of M〈m,n, k〉 for ‘m ≥ 4 and n, k ≥ 3’ which have less number of vertices than our
constructed ones.
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